Investigations of wave and vibration properties of single-or multi-walled carbon nanotubes based on nonlocal beam models have been reported recently. However, there are numerous inconsistencies in the handling of the governing equations, applied forces, and boundary conditions based on some of the reported nonlocal beam models. In this paper, the consistent equations of motion for the nonlocal Euler and Timoshenko beam models are provided, and some issues on the nonlocal beam theories are discussed. The models are then applied to the studies of wave properties of single-and double-walled nanotubes. The wave and vibration properties of the nanotubes based on the presented nonlocal beam equations are studied, and scale effects are discussed.
Introduction
Structural elements such as beams, plates, and membranes in micro or nanolength scale are commonly used as components in MEMS or NEMS devices. Both experimental and atomistic simulation results have shown a significant size effect in mechanical properties when the dimensions of these structures become very small. Classical continuum elasticity, which is a scale independent theory, cannot predict the size effects. Atomic and molecular models, on the other hand, are restricted by computational capacities, and are not suitable for system-lever modelling of MEMS/NEMS. Size-dependent continuum theories have thus received increasing attention in modelling small sized structures and devices. Among these, the theory of nonlocal continuum mechanics initiated by Eringen and co-workers (see, for example, Eringen, 1983 Eringen, , 2002 has been widely accepted and has been applied to many problems including wave propagation, dislocation, and crack propagations. Application of nonlocal continuum theory to nanotechnology was initially addressed by Peddieson et al. (2003) , in which the static deformations of beam structures based on a simplified nonlocal model obtained by Eringen (1983) were analyzed. Recently, the nonlocal beam models have been further applied to the investigations of static and vibration properties of single-or multi-walled carbon nanotubes (Sudak, 2003; Wang and Hu, 2005; Zhang et al., 2004 Zhang et al., , 2005 Wang, 2005; Wang and Varadan, 2006; .
It is important to note that the stress tensors defined in the nonlocal elasticity theory are nonlocal ones (Eringen, 1983 (Eringen, , 2002 , which is different from the local stress tensor defined in classical elasticity theory. It is a basic differentiation between the nonlocal and the classical elasticity theories. Therefore, it should be kept in mind that in deriving a nonlocal beam model or any other nonlocal continuum model, all formulations involving stress components are based on the nonlocal stress tensors, not on the local ones. In some of the recent published works, for examples, Zhang et al. (2005) , Wang (2005) , Wang and Varadan (2006) , , the importance of using nonlocal stress tensors consistently has been overlooked, and some ensuring relations were still presented based on the local stress components. Therefore, the governing equations, applied forces, or boundary conditions obtained in this manner are either inconsistent or incomplete.
Since the nonlocal beam models have received increasing interest in just a few years and their theories are still under development, it is necessary to address some basic issues governing the nonlocal theories, which could be inadvertently overlooked in some derivations and applications.
In the present work, the consistent governing equations for the beam models are derived, and some issues in using the models are addressed. As an application of the models, wave and vibration properties of carbon nanotubes based on the presented consistent equations are studied, and the scale effects are discussed.
Nonlocal beam models
It is noted that the nonlocal beam models in reported literature are based on a kind of the nonlocal constitutive relations given by (Eringen, 1983) 
where t kl is the nonlocal stress tensor, e kl is the strain tensor, k and l are material constants, a is an internal characteristic length, and e 0 is a constant for adjusting the model in matching some reliable results by experiments or other models. For a beam structure, the sizes in thickness and width are much smaller than the size in length. Therefore, for the beams with transverse motion in the x-y plane, the nonlocal constitutive relations (1) can be approximated to one-dimensional form as
where E and G are Young's and shear modulus, respectively, e is the axial strain, and c is the shear strain. Eq. (2) is the approximate nonlocal constitutive relations to study nonlocal beam models.
Nonlocal Timoshenko beam model
The equations of motion for the transversely vibrating Timoshenko beam can be obtained as (Weaver et al., 1990; Zienkiewicz and Taylor, 2005) 
where p is the distributed transverse force along axis x, A is the cross section area of the beam, I = ò A y 2 dA is the moment of inertia, v is the transverse displacement, w is the rotation angle of cross section of the beam, S is the resultant shear force on the cross section, and M is the resultant bending moment, which are defined by
The strains e and c for the Timoshenko beam model are given by
It should be pointed out that for the Timoshenko beam theory, both the bending moment M and the shear force S are independent. Therefore, for the nonlocal model, these resultant forces are linked to the nonlocal stress components t ij through the relations (4) and the constitutive relations (2). In Wang (2005) , Wang and Varadan (2006) , , however, only the bending moment M was derived based on the nonlocal stress component, while the shear force was still obtained based on local stress component. It is physically inconsistent. From the relations (2), (4) and (5), the bending moment M and the shear force S for the nonlocal model can be expressed as
where j 0 is a correction factor depending on the shape of the cross section of the considered beam. Therefore, the explicit expressions of the nonlocal bending moment M and the nonlocal shear force S can be obtained by substituting Eqs. (3) into Eqs. (6) as
By substituting (7) into (3), the equations of motion for the nonlocal Timoshenko beam model in displacement form can thus be obtained as
Eqs. (7) and (8) are the consistent basic equations of the nonlocal Timoshenko beam model based on the constitutive relations (2). When e 0 a = 0, they are reduced to the equations of classical Timoshenko beam (Weaver et al., 1990; Zienkiewicz and Taylor, 2005) . In Wang (2005) , Wang and Varadan (2006) , , the governing equations for the nonlocal Timoshenko beam model without considering the distributed transverse force were derived based on the nonlocal bending moment and the local shear force. The equations for the nonlocal Timoshenko beam presented therein are thus incomplete or inconsistent.
Nonlocal Euler beam model
For the Euler beam model, only the bending moment is independent, and the shear force is related to the bending moment through the relation S = oM/ox. The governing equations of the nonlocal Euler beam model have been obtained in Peddieson et al. (2003) for static problems, and in Zhang et al. (2005) for dynamic problems, respectively. Furthermore, the general expressions of the bending moments and the shear forces for the nonlocal Euler beam model have been presented in Lu et al. (2006) . The related equations of the model are summarized here.
The nonlocal bending moment M and the shear force S expressed in the transverse deflection v(x, t) are given by (Lu et al., 2006 )
The equation of motion for the nonlocal Euler beam model is given by (Zhang et al., 2005; Lu et al., 2006 )
Discussions
In the derivation and application of nonlocal beam models, some important points should be addressed, which have been inadvertently overlooked in some reported studies. They are addressed as follows (a) For the nonlocal beam models based on the nonlocal constitutive relations (2), all the relations involving independent resultant moments and forces are based on the nonlocal stress components t kl , but not on the conventional local stress components. In the nonlocal Euler beam model, the shear force is not an independent force, which can be determined from the beading moment. Therefore, only the nonlocal bending moment needs to be obtained in the nonlocal Euler beam model. In the nonlocal Timoshenko beam model, however, both the nonlocal bending moment and the nonlocal shear force need to be determined based on relations (2). Since the shear force used in Wang (2005) , Wang and Varadan (2006) , is still based on the local theory, the governing equations of the nonlocal Timoshenko beam model obtained therein are incomplete or inconsistent.
(b) When dealing with the nonlocal beam model with distributed transverse force, care should be taken. It is noted from Eqs. (8) and (10) that the governing equations of the nonlocal beam models derived based on the relations (2) include not only the transverse force itself but also the term relating its second order derivatives. It is different from the governing equations of the classical (local) beam models. It was overlooked in Wang and Varadan (2006) , , in which the distributed transverse forces were not considered in deriving the governing equations, and were simply added to the equations in subsequent applications, as treated for local models, but missing the terms concerning the nonlocal effects.
(c) In defining boundary conditions of the nonlocal beam models, the consistent expressions involving boundary bending moment and/or shear force must be given by relations (7) for the Timoshenko beam model, or relations (9) for the Euler beam model, but not their classical counterparts with e 0 a = 0 in (7) or (9). It is also likely to be overlooked in some of the applications (Zhang et al., 2005; Wang and Varadan, 2006) , in which the classical expressions for the boundary bending moments were used.
Wave properties of carbon nanotubes using nonlocal Timoshenko beam model
Since the nonlocal beam models consider scale effect, they have been applied for the static and dynamic analysis of carbon nanotubes in recent years. Due to the reasons discussed in the preceding section, however, some of the formulations and results obtained in the reported studies should be revised accordingly. Therefore, the wave propagation of carbon nanotubes by the nonlocal Timoshenko beam model are studied, and the related solutions for both single-walled carbon nanotubes (SWNTs) and double-walled carbon nanotubes (DWNTs) are re-derived here.
Solutions of SWNTs
For convenience of later derivation and simplification, Eq. (8) 
where
For a harmonic wave propagation in a beam-like single-walled carbon nanotube governed by the equations of motion (11), the corresponding solutions can be written in complex form as v(x, t) = Ae i(xtÀkx) and w(x, t) = Be i(xtÀkx) . By substituting the solutions into Eq. (11) with the distributed transverse force being zero, i.e. p = 0, the dispersion relation is thus found to be
Solving for x and eliminating negative roots gives the frequency-wavenumber relations of the nonlocal Timoshenko beam model as
where x L are the real positive frequencies based on the classical (local) Timoshenko beam model given by
The corresponding phase velocities can be determined from the relations c N = x N /k, and are given by
where 
It is seen that there are two wave modes for the Timoshenko beam model (Doyle, 1997) . The wave mode with lower frequency and phase velocity is related to flexural wave, while the wave mode with higher frequency and phase velocity is related to shear wave. The cut-off frequency of the higher mode can be determined, by letting k = 0 in Eq. (14), to be
In Wang (2005) , in addition to the inconsistent equations of motion used for the nonlocal Timoshenko beam model, only one wave mode was presented for the SWNTs based on the Timoshenko beam theory. It is therefore incomplete.
Solutions of DWNTs
By applying Eq. (8) where the subscripts 1 and 2 are used to denote the quantities associated with the inner and the outer tubes, respectively, and p 12 is the van der Waals interaction pressure between the two tubes per unit axial length. For small-amplitude linear vibration, the van der Waals pressure at any position x between the two tubes depends linearly on the difference of their deflection curves at that position, and can be expressed as (Sudak, 2003; Yoon et al., 2004 )
where C is the intertube interaction coefficient. Therefore, the coupled equations (19) and (20) 
The wave propagation solutions for the DWNTs governed by Eq. (21) can be written in the form as v 1 (x, t) = V 1 e i(xtÀkx) and v 2 (x, t) = V 2 e i(xtÀkx) . Substitution of the solutions into Eq. (21), one has
Nontrivial solutions for V 1 and V 2 in (23) require that determinant of the coefficient matrix vanishes, which gives the characteristic equation as
By defining
Eq. (25) can be explicitly expressed as
in which H is the nonlocal effect related variable. It is seen that the characteristic equation (27) is a fourth-order algebraic equation for x 2 or k 2 . Therefore, there are four wave modes for the DWNT, in contrast to two wave modes of the SWNT based on the single Timoshenko beam model (Yoon et al., 2004) . The wave frequencies or phase velocities for the four modes, i.e. the roots of the characteristic Eq. (27), can be determined from Ferrari's method shown in Appendix A.
By letting k = 0 in Eq. (27), the cut-off frequencies of the wave modes for the DWNTs can be easily obtained as
which are the same as the cut-off frequencies based on local Timoshenko beam model. The asymptotic frequencies as k ! 1 for the DWNTs based on the nonlocal model are obtained as 
It is seen that the asymptotic frequencies are nonlocal-parameter related, and approach to infinite for the local model. The asymptotic phase velocities as k ! 1 for the DWNTs based on the nonlocal Timoshenko beam model all approach zero. It is different from the results based on the local Timoshenko beam model, which give the asymptotic phase velocities c l and c s defined in (22).
Numerical results
Based on the formulations obtained above with the nonlocal Timoshenko beam model, the wave properties of single-or double-walled nanotubes are discussed here.
The material and geometry constants of carbon nanotubes are given in Table 1 ( Raichura et al., 2003; Yoon et al., 2004) , and the shear module can be determined from the relation G = 0.5E/(1 + l).
The intertube interaction coefficient C in (20) can be estimated as (see, for example, Sudak, 2003) C ¼ 320ð2R 1 Þ erg=cm 2 0:16d
where R 1 is the inner radius of DWNTs. The radii and thicknesses of the inner and outer nanotubes in the numerical examples are assumed to be R 1 = 3.5 nm, R 2 = R 1 + t, and t = 0.34 nm, respectively. To show the difference between the Euler and the Timoshenko beam models, Fig. 1 gives the comparison of the spectrum relation based on the classical Euler and Timoshenko beam theories. It is seen that for both local and nonlocal models, there are two wave modes in the Timoshenko beam theory, and mode 2 appears only above the cut-off frequency x 0 given by (18). In Wang (2005) , only one wave mode was given for the Timoshenko beam model. On the other hand, it can be seen from Fig. 1 that the wave mode of the Euler beam theory approaches the wave mode 1 of the Timoshenko beam theory only in low wavenumber (long wavelength) range. For the wave propagation with higher wavenumber, the frequencies predicted based on the Euler beam theory are over estimated.
Figs. 2 and 3 show the changes of the spectrum and dispersion curves of SWNTs with the non-dimensional nonlocal parameter e 0 a/r 0 based on the nonlocal Timoshenko beam model, where r 0 is a characteristic length scale of the nanotube such as radius. It is seen that both frequencies and phase velocities decrease with e 0 a. This means that the dynamical properties (frequency, phase velocity etc) of the nanotubes based on the classical beam theories are over estimated. Since the nonlocal elasticity theory reduces to the classical elasticity theory in the long wavelength limit and to the atomic lattice dynamics in the short wavelength limit (Eringen, 1983 (Eringen, , 2002 , it is noted from Figs. 2 and 3 that the deviations of the dispersion curves based on the nonlocal beam model from those based on the local model increase with the increase of the wavenumbers. This can be further illustrated in Fig. 4 . Fig. 4 shows that the decreasing rates of the frequencies with e 0 a for higher wavenumbers are faster than those for smaller ones. It also shows that for very small wavenumbers (for example, kr 0 < 0.5 in Fig. 4) , the influence of the nonlocal effect is also very small. Therefore, in the range for small wavenumber (or long wavelength), the classical beam theories are acceptable. However, for the nanotube based resonators working in high frequency and short wavelength range, modelling based on the classical beam models are not suitable, and the nonlocal beam model may offer an adequate approximation.
For the DWNTs, Fig. 5 gives the spectrum relations based on the classical Timoshenko beam model. The cut-off frequencies for k = 0 are shown in Fig. 5(a) , and their values can be determined from (28). It is also noted from Fig. 5(b) that as k ! 1, the phase velocities for the modes 1 and 2 approach the phase velocity c s of pure shear wave, while the phase velocities for the modes 3 and 4 approach the phase velocity c l of pure longitudinal wave. Fig. 6 shows how the nonlocal effects influence the dispersive relations of the DWNTs. It is seen that phase velocities decrease with e 0 a for all four wave modes, and approach zero as k ! 1. It is different from the results obtained by Wang and Varadan (2006) that one asymptotic velocity exists based on the nonlocal Timoshenko beam model.
From the results obtained above, it is seen that the nonlocal parameter e 0 a has a significant influence on the dynamic properties of the beam-like structures based on the nonlocal beam models. Therefore, reasonable choice of the value of the parameter e 0 a is crucial to ensure the validity of the nonlocal models. According to Eringen (1983 Eringen ( , 2002 , the parameter e 0 a in the nonlocal constitutive relations (1) was determined by matching the dispersion curves based on the atomic models. This could be a guideline for determining the value of the parameter. For a specific material or structure, the corresponding nonlocal parameter can be estimated by fitting the results of atomic lattice dynamics or experiments.
Concluding remarks
In this paper, the equations of motion for nonlocal Timoshenko beam model are derived. Some important issues concerning derivation and application of the nonlocal beam models are discussed, which could be useful to understand the nature of the nonlocal beam models. The models are then applied to the studies of wave properties of single-and double-walled nanotubes. The influences of the nonlocal effects on the wave properties of SWNTs and DWNTs are studied and discussed. Some interesting results obtained based on the model are useful for understanding the wave properties of the structures in nanoscale, and will help for the design of nanotube based oscillators with desired dynamic properties. 
